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Abstract:

Concentration–discharge relationships have been widely used as clues to the hydrochemical processes that control runoff
chemistry. Here we examine concentration–discharge relationships for solutes produced primarily by mineral weathering
in 59 geochemically diverse US catchments. We show that these catchments exhibit nearly chemostatic behaviour; their
stream concentrations of weathering products such as Ca, Mg, Na, and Si typically vary by factors of only 3 to 20 while
discharge varies by several orders of magnitude. Similar patterns are observed at the inter-annual time scale. This behaviour
implies that solute concentrations in stream water are not determined by simple dilution of a fixed solute flux by a variable
flux of water, and that rates of solute production and/or mobilization must be nearly proportional to water fluxes, both on
storm and inter-annual timescales. We compared these catchments’ concentration–discharge relationships to the predictions of
several simple hydrological and geochemical models. Most of these models can be forced to approximately fit the observed
concentration–discharge relationships, but often only by assuming unrealistic or internally inconsistent parameter values. We
propose a new model that also fits the data and may be more robust. We suggest possible tests of the new model for future
studies. The relative stability of concentration under widely varying discharge may help make aquatic environments habitable.
It also implies that fluxes of weathering solutes in streams, and thus fluxes of alkalinity to the oceans, are determined primarily
by water fluxes. Thus, hydrology may be a major driver of the ocean-alkalinity feedback regulating climate change. Copyright
 2009 John Wiley & Sons, Ltd.
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INTRODUCTION

Chemical weathering and solute transport are coupled
with hydrology in catchments, and this coupling is
reflected in the relationships between solute concentra-
tions and stream discharge. Catchment hydrologists often
study concentration–discharge relationships because the
necessary data are frequently available and the initial
analysis is straightforward. However, despite decades
of work, there are still open questions about what
concentration–discharge relationships can tell us about
catchment behavior.

Concentrations of the major base cations and silica
have generally been observed to decrease with discharge
(Hem, 1948, 1985; Johnson et al., 1969 and references
therein; Waylen, 1979; Walling and Webb, 1986; Clow
and Drever, 1996). Typical concentration–discharge anal-
yses have centered on mixing models of different source
waters (e.g. event and pre-event water; old and new
water; or soil water, groundwater and precipitation)
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tary Science, 307 McCone Hall, University of California, Berkeley, CA
94720-4767, USA, 510-643-8559. E-mail: godseys@eps.berkeley.edu
† The contribution of David W. Clow to this article was prepared as part
of his official duties as a United States Federal Government employee.

inferred from the shape of the concentration–discharge
relationship for different solutes (Johnson et al., 1969;
Hall, 1970, 1971). In other studies, researchers have
inferred the relative timing of mixing from hysteresis
loops observed in concentration–discharge plots (Evans
and Davies, 1998; Evans et al., 1999; House and War-
wick, 1998; Hornberger et al., 2001; Chanat et al., 2002).
Evans and Davies (1998) proposed that the form and
direction of hysteresis loops could uniquely identify the
rank order of end-member concentrations in a three
end-member mixing scenario. However, Chanat et al.
(2002) showed that even the small number of assumptions
required for this identification are not always valid, and
that when the assumptions are violated, hysteresis loops
cannot definitively distinguish the relative concentrations
of different end-members. Nonetheless, other character-
istics of concentration–discharge relationships may pro-
vide insight into the coupling of chemical weathering and
hydrological processes in catchments.

In this paper, we identify common features of concen-
tration–discharge relationships across a range of hydro-
chemically distinct catchments with minimal human
impacts, and discuss the implications of those features.
We then compare several simple models against the

Copyright  2009 John Wiley & Sons, Ltd.
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Figure 1. Concentration–discharge relationships for Si, Ca and Na at eight Hydrologic Benchmark Network streams. Each plot has consistent axes
(same number of log units for both concentration and discharge), so concentrations determined by dilution of fixed weathering fluxes would have
the same slope as the grey diagonal lines shown (log–log slope of �1). Instead, concentration–discharge relationships conform more closely to

chemostatic behaviour (log–log slope near zero).

observed patterns in concentration–discharge relation-
ships and evaluate whether their assumptions are gener-
ally valid across the study sites. Finally, we show that the
concentration–discharge relationships observed in many
catchments imply that changes in stream solute fluxes as
a result of climatic forcing are, to first order, dependent
upon changes in hydrology.

OBSERVATIONS

We plotted concentrations of the major weathering-
derived cations (Mg, Na and Ca) and dissolved silica
(Si) against instantaneous discharge on logarithmic axes
for 59 sites in the United States Geological Survey’s
(USGS) Hydrologic Benchmark Network (HBN) (e.g.
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Figure 1, discussed further below). The HBN was estab-
lished in the mid-1960s to provide a long-term database
to track changes in the flow and water quality of undis-
turbed streams and rivers, and to serve as a reference, or
‘benchmark’, for discerning natural from human-induced
changes in river ecosystems (Leopold, 1962). Most HBN
sites have more than 30 years of hydrochemical data, and
water samples were typically collected five to seven times
per year using standard USGS methods (Wilde et al.,
1998). The HBN is the only nationwide network of envi-
ronmental monitoring sites that tracks the health of rivers
draining mid-sized, undisturbed basins in the United
States. The sites are located throughout the country, usu-
ally in National Parks, National Forests or reserves where
minimal human influence is expected. Site characteristics
compiled from USGS circulars (Mast and Turk, 1999a,b;
Clark et al., 2000; Mast and Clow, 2000) are summarized
in Table I. Drainage areas range from 6Ð1 to 5196 km2

(median D 146 km2) and average annual runoff varies
from 0Ð7 to 400 cm/year (median D 40 cm/year). Many
environments in the United States are represented, includ-
ing tropical forests, tundra and eight sites with <10-cm
average annual runoff, which include arid and semi-arid
grasslands, shrublands and semi-desert areas. Most catch-
ments are forested, but several of the basins have substan-
tial alpine and grassland areas. The 59 sites encompass
a wide range of lithologic settings (Table I). Solute con-
centrations in precipitation are not available at all sites
for the entire period of record, so the reported concen-
trations are not corrected by the precipitation chemistry.
Stream concentrations of Ca, Na and Mg are at least 10 to
100 times higher than available mean precipitation con-
centrations. Si concentrations in rainfall are not typically
measured, but are normally orders of magnitude lower
than Si concentrations in streamflow.

We plotted the concentrations of each of the major
weathering-derived solutes against instantaneous dis-
charge. We then calculated simple linear regression statis-
tics for each of the sites and solutes, and, using Student’s
t test, determined whether the best-fit slope was sig-
nificantly different from reference slopes of zero and
�1 (whose meaning is discussed in detail below). We
identified sites with non-linear relationships between log
concentration and log discharge by examining the resid-
uals of the linear fit. Most of the catchments in the HBN
exhibit much less variability in concentrations than in
discharge (Figure 1). Figure 1 shows concentration as a
function of discharge on logarithmic axes, with the same
number of log units shown on each axis to facilitate a
visual comparison of the relative variability of concentra-
tion and discharge. For example, between high flow and
low flow, concentrations at Elder Creek increase by fac-
tors of 3 (Ca and Mg), 2Ð6 (Na) and 1Ð5 (Si), as discharge
changes by a factor of ¾6000. Although not plotted in
Figure 1, similar relationships also hold for Mg across
the HBN sites.

As seen in Figure 1, concentration–discharge plots are
often linear on logarithmic axes, indicating that there is
a power–law relationship between concentration, C, and

discharge, Q (i.e. C D aQb, where a and b are constants).
The exponent in this power–law relationship (or equiva-
lently, the slope of the concentration–discharge relation-
ship on logarithmic axes) has a physical interpretation. A
slope of zero would indicate that the catchment behaves
chemostatically, that is, the system keeps concentrations
constant as discharge varies. A slope of �1, on the other
hand, would indicate that concentrations vary inversely
with discharge, as might be expected if dilution were the
dominant process controlling concentrations, such that
approximately constant fluxes of solutes were diluted by
variable fluxes of water.

Power-law concentration–discharge relationships like
those shown in Figure 1 can be usefully summarized by
their log–log slopes. The best-fit log�C�- log�Q� slopes
for each solute can then be compared across all 59
of the HBN sites (Figure 2) and can be compared to
reference slopes of zero (chemostatic behaviour) and �1
(dilution). Uncertainty in the best-fit slope of š1 standard
error (SE) is indicated by error bars, which are shown
if they are larger than the plotting symbols. Across all
sites, slopes are generally slightly less than zero. The
means of the best-fit log–log concentration–discharge
slopes vary between approximately �0Ð05 and �0Ð15
(SE of the slope ¾0Ð01–0Ð02) for each of the solutes.
No slope is within two SEs of �1 and only four (Na),
six (Mg), eight (Ca) and 14 (Si) of the 59 sites have
slopes within two SEs of zero. Slopes across all sites
and solutes are strikingly similar. In general, Si slopes
are closer to zero than the slopes of the other solutes.
With few exceptions (discussed below), nearly all of
the concentration–discharge relationships in this study
can be described by power–law relationships with small
negative exponents. The data in Figure 2 show that most
catchments behave almost chemostatically for chemical
weathering products such as Ca, Mg, Na and Si.

Although this near-chemostatic behaviour is common,
examination of residual plots for all sites and solutes
reveals that the best fits for up to 10% of the sites may
not be power-law. Such sites are marked by open circles
in Figure 2 and the plotted slope of the linear fit only
provides a general sense of the concentration–discharge
relationship for these sites. We also calculated the ratio
of the standard deviation of log discharge to log concen-
tration for all sites and solutes (not shown) to quantify
the relative variability of discharge and concentration
without making any assumptions about the form of the
concentration–discharge relationship. Only Upper Three
Runs, SC had Ca and Mg concentrations that were more
variable than its discharge, and only Castle Creek, SD
and Dismal River, NE had more variable Na concen-
trations. No sites had Si concentrations that were more
variable than discharge. The ratio of the standard devia-
tions of log discharge to log concentration ranged from
just below 1 to 21Ð5, with the median ratio equal to 4Ð1
(Ca), 4Ð0 (Mg and Na), and 5Ð3 (Si). These observations
reinforce the inference drawn from the shallow power-
law slopes, namely that these catchments behave almost
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Figure 2. Log–log slopes of concentration–discharge relationships for 59 Hydrologic Benchmark Network streams arranged alphabetically by site
name. Grey lines indicate slope values expected for ideal chemostatic behaviour (concentration held constant; log – log slope D 0) and for simple
dilution of a constant solute flux (concentration inversely proportional to discharge; log – log slope D �1). With few exceptions, these catchments
exhibit nearly ideal chemostatic behaviour for Ca, Mg, Na and Si. Error bars indicate š1 standard error, and are shown where they are larger than

the plotting symbols. Open symbols indicate that the observed relationship appears to be non-linear in log–log space.

chemostatically. We also verified that the samples col-
lected are representative of the range of flows at each site.
At all sites, samples are collected across a range of flows
from the 5th to 97th flow percentiles (as calculated from
the complete flow record reported in the USGS National
Water Information System database, excluding dates on
which flow is zero). Most sites include samples from the
1st to 99th percentiles of flow, and median HBN samples
corresponded approximately to the 52nd flow percentile,
suggesting that base flows are not oversampled.

A handful of sites have positive slopes for one or
more solutes, which indicate that concentration increases
with increasing flow (e.g. Upper Three Runs, SC for Ca

and Mg and Steptoe Creek, NV for Na). In past studies,
increased concentrations of more biologically active ions
such as KC and NO3

� with increased flow have been
attributed to leaching from organic soil horizons during
higher flows (Walling and Webb, 1986). At the HBN
sites, the observed increase in concentration of the major
weathering products with discharge may be due to a
weak correlation between discharge and concentration,
or due to limited variability in the sampled discharge
(e.g. discharge varies by only a factor of ¾4 at Upper
Three Runs). At Upper Three Runs, it also may be a
result of analytical error or instrumentation changes in
very dilute stream waters (Mast and Turk, 1999a, pp.
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Figure 3. Annually averaged concentration–discharge relationships for Si, Ca and Na at the same eight Hydrologic Benchmark Network streams
shown in Figure 1. Each plot has consistent axes (same number of log units for both concentration and discharge), so concentrations determined by
dilution of fixed weathering fluxes would have the same slope as the grey diagonal lines shown (log–log slope of �1). Even on inter-annual time
scales, concentration–discharge relationships do not generally follow the predictions of a simple dilution model, instead conforming more closely to

chemostatic behaviour (log–log slope near zero).

108–110). However, most sites show little variability in
concentration with discharge and we focus on these sites
for the rest of this paper.

One might postulate that concentrations are rela-
tively constant across wide ranges of discharge simply
because the volume of water stored in a catchment is
much larger than the amount discharged during an indi-
vidual storm event. Therefore we also tested whether
catchments behave chemostatically on inter-annual time

scales. Annualized concentration–discharge relations for
each of the HBN sites were plotted as mean annual
flow-weighted concentrations against annual water yield.
Water yield was calculated by summing all daily flows
in the water year, as available from the daily USGS
streamflow record, and dividing by catchment area.
Mean flow-weighted concentrations were calculated as
�QiCi�/Qi, where the subscript i indicates each sam-
ple during the water year. We excluded years with fewer
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Figure 4. Log–log slopes of relationships between mean annual flow-weighted concentrations and mean annual discharge for 57 Hydrologic
Benchmark Network streams (slopes are not shown for Limpia Creek, TX or Tallulah River, GA because too few years of data are available).
Grey lines indicate slope values expected for ideal chemostatic behaviour (concentration held constant; log – log slope D 0) and for simple dilution
of a constant solute flux (concentration inversely proportional to discharge; log – log slope D �1). Even on inter-annual time scales, almost all of
these catchments exhibit nearly ideal chemostatic behaviour for Ca, Mg, Na and Si. Error bars indicate š1 standard error calculated from a weighted
least squares fit to the log annual flow-weighted concentration for each water year versus log annual water yield. The weighting function is equal
to the inverse unbiased weighted variance of the log concentration. By unbiased, we mean that we account for a potential loss in the degrees of

freedom introduced by variable flow by calculating the effective number of solute measurements per water year.

than four available concentration measurements from the
inter-annual concentration-discharge analysis.

The plots of mean annual flow-weighted concentra-
tions versus annual water yield exhibit similar patterns to
those observed on an event basis (Figures 3 and 4). Mean
annual concentrations vary much less than water yield
does from year to year. The concentration–discharge
plots for inter-annual time scales (Figure 3) are similar
to those for individual samples (Figure 1); both exhibit
power-law relationships between solute concentrations
and water yields, with small negative log–log slopes.

Across the HBN sites, these log–log slopes are gen-
erally close to zero on both inter-annual time scales
(Figure 4) and event time scales (Figure 2), although the
error bars in Figure 4 are larger because the annualized
concentration–discharge plots (e.g. Figure 3) have fewer
points and a smaller range of discharge. The near-zero
slopes imply that catchments exhibit near-chemostatic
behaviour over both event and inter-annual timescales
and across a wide range of hydrologically and geochem-
ically diverse sites. Thus, an interesting first-order ques-
tion is not why concentrations of weathering products
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vary, but why they vary so little as discharge changes so
much.

ASSESSMENT OF ALTERNATIVE MODELS

Consistent near-zero log�C�- log�Q� slopes imply that
rates of solute production or mobilization must be nearly
proportional to water fluxes on intra- and inter-annual
timescales. Here we explore several simple quantitative
explanations for the observed concentration–discharge
patterns to verify if they hold across all the HBN sites,
and to compare different possible models at each site. We
evaluate these explanations on the basis of several key
criteria. They should generate power–law relationships
between concentration and discharge with small negative
slopes and little hysteresis. Furthermore, they should have
reasonable physical and chemical parameters and should
make plausible assumptions about catchment behaviour.
They should be as simple as possible and explain
observations in a wide range of catchments. We examine
several empirical, mixing and chemical models to gain
insight into the linkages between chemical weathering
and hydrologic processes that produce the observed
concentration–discharge relationships. We quantitatively
assess the models’ performance at each site using the
Akaike and Bayesian information criteria (AIC and BIC)
for each set of comparable models.

Empirical models

We first evaluated whether the slope of the concen-
tration–discharge relationship can be predicted as a sim-
ple empirical function of each catchment’s character-
istics, or as a multivariate model of several charac-
teristics. For each site, we plotted average low and
high temperature, annual average runoff, area, and Mean
Annual Precipitation (MAP) against the event-based
concentration–discharge slope for each solute, and cal-
culated the correlation between each of these site charac-
teristics and each solute’s concentration–discharge slope
(using the non-parametric Spearman correlation coeffi-
cient because the distributions of site characteristics are
not normal). Based on the site descriptions from the
USGS circulars (Mast and Turk, 1999a,b; Clark et al.,
2000; Mast and Clow, 2000), we also coded each site
according to the presence or absence of carbonates and
volcanics in the underlying bedrock. We then used the F-
test (Zar, 1984) to determine whether the presence of
either of these broad rock types significantly affected
the concentration–discharge slope for any solute. For
the multivariate models, we systematically added and
removed characteristics from a series of multiple linear
regression models and evaluated their performance.

The site characteristics that we tested generally do
not satisfactorily explain the observed slopes of the
concentration–discharge relationships (Table II). Steeper
concentration–discharge slopes are associated with high-
er average annual runoff (although, surprisingly, not

always with higher MAP); these correlations are sta-
tistically significant for some solutes but not others.
Sites with volcanic bedrock have significantly (p < 0Ð05)
steeper concentration–discharge slopes for Ca, Mg and
Na compared to sites where volcanics are absent. Sim-
ilarly, log–log slopes for Na are significantly (p <
0Ð02) shallower at sites with carbonate bedrock, com-
pared to sites without carbonates. Although some site
characteristics show statistically significant effects on
concentration–discharge slopes, their predictive power
is weak because they explain only a small fraction of
the variance; typical r2 values are 0Ð1 or less. Multi-
variate models with combinations of these site charac-
teristics could only explain <20% of the variability in
log�C�- log�Q� slopes. We conclude that the observed
variation in concentration–discharge slopes cannot be
straightforwardly predicted by any of the site charac-
teristics tested here. Other site characteristics, such as
basin slope, soil permeability, or amount and type of soil
and vegetation, might be useful explanatory variables,
but they have not been quantified for most of the HBN
basins. Basin slope and soil permeability, for example,
might be important because they influence hydrological
flow paths and the residence time of water in the basins.

Mixing models

We turn from empirical models based on site charac-
teristics to simple models based on the mixing of waters
with different compositions. Isotopic studies and other
hydrometric and hydrochemical evidence have shown
that in many catchments, typical residence times are
much longer than the duration of individual storm events

Table II. Statistical tests of association between site character-
istics and concentration–discharge slopes across the 59 HBN

streams

F ratio Ca Mg Na Si

Volcanics (present vs. absent) 5Ð32a 6Ð51a 4Ð59a 3Ð77
Carbonates (present vs. absent) 0Ð07 0Ð02 12Ð47b 2Ð54

Spearman correlation
coefficient, rs

Ca Mg Na Si

Average annual runoff (cm) �0Ð27a �0Ð19 �0Ð21 �0Ð28a

Average low temperature
(deg C)

�0Ð02 0Ð10 0Ð06 �0Ð30a

Average high temperature
(deg C)

�0Ð06 0Ð06 0Ð25 �0Ð16

MAP, Mean annual
precipitation (cm)

0Ð03 0Ð05 �0Ð08 �0Ð28a

Area (km2) �0Ð11 �0Ð08 0Ð00 0Ð04

Superscripts a and b indicate statistical significance at the p < 0Ð05
and p < 0Ð02 levels, respectively. Several of the tested relationships are
statistically significant but their explanatory power is low. Sites with
volcanic bedrock have steeper concentration–discharge slopes for Ca,
Mg and Na than sites without volcanics, and slopes for Na are shallower
at sites with carbonate bedrock compared to sites without carbonates.
Nonparametric (Wilcoxon) tests agree with the parametric (F-test) results.
Average annual runoff is significantly correlated with Ca and Si slopes,
and average low temperature and MAP with Si slopes, according to the
robust Spearman rank correlation coefficient.
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(e.g. Buttle, 1994). One can imagine that residence
times may be long enough for weathering reactions to
approach equilibrium, and that this explains the chemo-
static behaviour observed across the HBN sites. Sufficient
storage capacity for the ‘old’ water must exist for this
option to be physically plausible, and we explore stor-
age requirements for different models below. In general,
we find that mixing models that assume a constant rate of
solute supply generally cannot reproduce the observations
well.

First, we present a simple ‘bucket’ mixing model that
treats the catchment as a single well-mixed reservoir
whose volume (V, [m3]) remains constant as discharge
(Qw, [m3/s]) varies. The model likewise assumes that
the solute flux (Qs, [ppm–m3/s]) produced by mineral
weathering is constant through time. It further assumes
that concentrations in precipitation are very dilute com-
pared to streamflow (as is typically the case for the
major weathering products), so that precipitation solute
fluxes can be ignored in the mass balance. Under these
conditions, the solute concentration (C, [ppm]) in the
well-mixed reservoir, and thus in its outflow, will evolve
according to the familiar mass-balance equation:

dC

dt
D �Qs � QwC�

V
�1�

where Qw is the average daily water flux through the
reservoir, for which we use the USGS historical daily
flow record. We fix the solute flux (Qs) equal to the
product of the average water flux and the flow-weighted
average concentration, so that the average modeled solute
flux will equal the observed long-term average. The
reservoir volume (V) is the only free parameter, which is
adjusted to reproduce the observed range of variation in
outflow concentrations.

Constraining the concentrations modeled using Equa-
tion (1) within the bounds of observed variability in
the HBN data set requires a storage volume that is
well-mixed to depths of several meters throughout the

Table III. Subsurface storage depths required for a simple
‘bucket’ model assuming a constant 5%, 10% and 30% porosity

for the model described in Equation (1) of the text

Site Storage Depth (m)

5% porosity 10% porosity 30% porosity

Andrews 10Ð8 5Ð4 1Ð8
Cache 10Ð1 5Ð0 1Ð7
Elder 83Ð7 41Ð9 14Ð0
Hayden 6Ð0 3Ð0 1Ð0
Merced 9Ð8 4Ð9 1Ð6
N Sylamore 6Ð5 3Ð3 1Ð1
Sagehen 21Ð7 10Ð9 3Ð6
Washington 9Ð2 4Ð6 1Ð5

The porosity is a single average value for all soil and underlying bedrock
to the specified depth. The specified storage depth indicates the volume
required to maintain the observed variability in concentrations at a given
site (reported value is the median storage for all four solutes based on
the observed ratio of maximum to minimum concentrations at each site,
the median of which is ¾4 across all sites and solutes).

catchment (Table III) for a porosity of 10% (averaged
across both soil and underlying rock). Higher porosi-
ties require a smaller storage volume whereas lower
porosities require a larger storage volume. Even with
sufficiently large storage volumes, however, modeled
concentration–discharge relationships do not match the
observations well; the model results exhibit large hys-
teresis loops that are not present in the observations
(Figure 5a). These loops result from the assumption that
the catchment behaves as a simple well-mixed bucket: the
integro-differential relationship in Equation (1) implies a
90-degree phase lag between changes in discharge and
changes in concentration, rather than the simultaneous
variations in concentration and discharge that are usu-
ally observed. Hysteresis loops are frequently observed in
concentration–discharge relationships, but the extent of
looping modeled in Figure 5a is much greater than is typ-
ically observed (e.g. Evans and Davies, 1998). To match
the observed concentration–discharge relationships, this
model would have to be modified to allow solutes to
be: (1) produced at a variable rate or (2) mobilized from
different sources at variable rates.

Another well-known model that we consider is the
Hubbard Brook ‘working model’ (Johnson et al., 1969)
which assumes that discharge is proportional to stor-
age volume (V, [m3]), and that solute concentrations
(C, [ppm]) associated with each storage volume are
fixed. Storage volume is defined as the subsurface pore
space available above an ‘impermeable’ layer. C is then
inversely related to Q according to:

C D [
d

�1 C bQ�
] C a �2�

where a D concentration of solute in the low-concentra-
tion end-member [ppm], b D mean residence time/VQD0

(flows at the catchment outlet are assumed to cease
at some non-zero storage volume, VQD0) (s/m3), and
d D concentration difference between high and low con-
centration waters [ppm]. Any non-zero flow is directly
proportional to water in storage above the minimum vol-
ume. One can immediately see that this model does not
represent a power-law relationship between C and Q,
but instead that the relationship is a hyperbolic function.
However, because it has an additional free parameter,
Equation (2) can also fit the data well (Figure 5b). A
non-linear fitting algorithm which minimizes the sum of
squared error between the model results and observed
data is used to select best-fit values of a, b, and d. The
parameter b depends only on the mean residence time of
water in the catchment and the minimum volume required
for flow in the stream. Importantly, b does not depend on
the solute of interest; therefore, it should have the same
value for all the solutes at an individual site. This con-
sistency in b can be ensured by simultaneously fitting
all solutes in a given catchment. Johnson et al. (1969)
suggest that a should be thought of as the ‘rainwater’ con-
centration of each solute. However, the best-fit a values
exceed measured volume-weighted precipitation concen-
trations for Ca, Mg and Na [as reported in Mast and Turk
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Figure 5. Concentration (C)–discharge (Q) relationships for several models plotted with the observed values for Ca at Andrews Creek in Mazama,
WA. (a) A well-mixed reservoir model (Equation (1)) with a very large storage volume can reproduce the observed range in concentration variability,
but only with excessively large hysteresis loops that are not observed in the real data. (b) Inverse relationship between C and Q as specified by the
Hubbard Brook ‘working model’ (Johnson et al., 1969) generally matches the form for each solute, but best-fit a parameters (Eq. 2) exceed observed
rainfall concentrations (Table IV). (c) Langbein and Dawdy’s (1964) chemical mixing model can fit the data well but allows no storage of water or
mixing of waters of different ages in the catchment. (d) The permeability-porosity-aperture model (see text) can also fit the data reasonably well,
although its assumptions still need to be tested in the field. The slight overestimate of concentration at high discharges is due to the simultaneous
fitting to all four solutes with one hydrologic parameter, b0, which is the best-fit slope to all four solutes’ concentration–discharge data. See text for

more detailed discussion.

(1999a,b); Clark et al. (2000); Mast and Clow (2000)] by
up to two orders of magnitude (Table IV). Concentrations
of Si in precipitation are not generally reported, but the
best-fit a for Si is in the range of ¾10 ppm. Instead of

representing ‘rainfall’ concentrations, the high best-fit a
values could perhaps be thought of as ‘soil water’ con-
centrations. In any case, the fact that the best-fit values
of a are much higher than rainfall concentrations implies

Table IV. Best-fit parameter a in the Hubbard Brook ‘working model’ and observed precipitation concentrations for the major base
cations at eight representative sites

All (ppm) Best-fit aCa Observed Ca in
precipitation

Best-fit aMg Observed Mg in
precipitation

Best-fit aNa Observed Na in
precipitation

Andrews 2Ð04 0Ð03 0Ð31 0Ð02 0Ð97 0Ð07
Cache 44Ð1 0Ð19 12Ð3 0Ð02 2Ð20 0Ð04
Elder 7Ð21 0Ð04 2Ð34 0Ð04 4Ð32 0Ð18
Hayden 4Ð23 0Ð11 1Ð31 0Ð04 1Ð13 0Ð01
Merced 0Ð72 0Ð05 0Ð10 0Ð01 0Ð56 0Ð04
N Sylamore 28Ð6 0Ð14 1Ð89 0Ð02 0Ð82 0Ð05
Sagehen 3Ð56 0Ð05 1Ð36 0Ð01 1Ð75 0Ð04
Washington 7Ð99 0Ð16 2Ð44 0Ð03 1Ð14 0Ð02

Observed Si concentrations in precipitation were not available. The best-fit concentrations, a, are observed to be one to two orders of magnitude
higher than the observed concentrations. This suggests that the model is unable to represent some mixing or reaction processes occurring in the
catchment. In all cases, all three parameters in Equation (2) were fit simultaneously for all four solutes; a and d were constrained to be ½0, and b,
which depends only on hydrology and is independent of the solute, was forced to be a single value for all four solutes at each site.
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that important solute sources within the catchment are
not captured by the model.

Chemical models

On the other end of the modeling spectrum, one could
assume that waters react so rapidly with soil and rock
that one can ignore mixing of waters of different ages
altogether. If changes in chemical reactions were solely
responsible for the concentration–discharge patterns we
see, what would this imply? The simplest way to maintain
chemical concentrations as discharge increases is through
a combination of increasing reactive surface area and
increasing reaction rates.

A simple approach was proposed by Langbein and
Dawdy (1964) who assumed that dissolution rate varies
between zero and the maximum dissolution rate, D,
depending upon distance from equilibrium. They also
assumed that the dissolved load is removed as quickly as
it is formed, which is equivalent to assuming that mixing
of water of different ages is negligible. To generalize
their model from 1st order to nth-order reactions, one can
let the forward reaction be equal to DA [mol/s] where A
[m2] is the reactive surface area, and let the back reaction
be equal to DA �C/Cs�n where n [dimensionless] is the
order of the reaction, C [mol/m3] is the concentration
and Cs [mol/m3] is the concentration at saturation. The
load, L [mol/s], would then be equal to the balance of
the forward and backward reactions:

L D DA[1 � �C/Cs�
n] �3�

Assuming that the dissolved load is removed as quickly
as it is formed, one can also write:

L D Q�C � Co� �4�

where Co [mol/m3] is the initial (i.e. rainfall) concentra-
tion, C [mol/m3] is the final concentration and Q [m3/s]
is the discharge. For first- and second-order reactions
(n D 1 or 2, respectively), Equations (3) and (4) can be
solved for C as a function of Q:

�for n D 1� C D DA C QCo

Q C DA
/

Cs

�5a�

or

�for n D 2� C D
Q �

√
Q2 C 4DA

S2 �DA C QCo�

�2DA
/

Cs
2

�5b�
where the negative root for n D 2 gives the concentra-
tion that has physical meaning. Using these equations
and the observed concentration–discharge relationships,
one can determine the values of DA, Cs and Co that
are required to fit the data. With three adjustable param-
eters, the model approximately reproduces the observed
concentration–discharge relationship with either n D 1 or
n D 2, although the log–log relationship is curved rather

than linear (Figure 5c). The order of the reaction does
not strongly affect the overall quality of fit, but the dis-
solution rate times area (DA) parameter for the best-fit
2nd order scenario differs from the 1st order case. One
cannot distinguish among models of different reaction
order given only concentration–discharge data; additional
a priori information about the order of the reaction or the
dissolution rate and reaction area is needed to distinguish
among the models. The best-fit saturated concentration is
lower than the observed maximum concentration and the
best-fit initial concentration is higher than the observed
minimum concentration; the best-fit concentrations vary
little as reaction order changes. In either case, the best-
fit initial concentration is usually much higher than is
realistic for rainfall. Rather than representing rainfall,
the best-fit Co probably reflects solutes acquired dur-
ing infiltration through the soil column before reaching
the groundwater system. Although multiple versions of
the Langbein and Dawdy model fit the data reasonably
well, the key assumption that there is no storage of water
between storms and therefore negligible mixing of water
of different ages is generally not valid (e.g. Buttle, 1994).

Permeability-porosity-aperture model

Here we suggest another model that is the only general
model that we know of that produces a power–law rela-
tionship between concentration and discharge, assumes
a variable solute flux that is proportional to the reactive
surface area, and allows for mixing of waters of different
ages. This final point distinguishes this model from the
Langbein-Dawdy model.

The full derivation is shown in the appendix. The
key assumptions are that permeability, porosity and
average pore aperture or width, all decrease exponentially
with depth; that Darcy’s Law describes flow through
the catchment; that the effective precipitation rate is
approximately spatially uniform across a hillslope; that
flows originating near the divide and stream are minimal;
and that solute flux is proportional to reactive surface area
such that secondary and back-reactions do not control
solute fluxes.

One can show that under these assumptions, the
volume-weighted mean concentration (C, [mol/m3])
draining a one-dimensional hillslope will be a power
function of the water flux (Qw),

C D aoQb0
w , b0 D

(
�k

/
�� � �k

/
�p � 1

)
�6�

where the constant ao is a function of solute and catch-
ment characteristics, and the power-law exponent b0

(dimensionless) depends on the rate at which perme-
ability, porosity and pore aperture decrease exponentially
with depth in the subsurface (represented by the e-folding
length scales �k , �� and �p, all in [m]). Because �k ,
�� and �p are geometric properties of the subsurface
and are not specific to individual solutes, equation (6)
implies that bo should be the same for all weathering-
derived solutes at an individual site (see, for one example,
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Figure 5d showing Ca at Andrews Creek). We fitted a sin-
gle value of bo for each site, and a value of ao for each
site and solute, using a non-linear fitting algorithm that
minimizes the error between the modeled and observed
concentrations for all solutes simultaneously.

Because we fit some models to all the solutes simul-
taneously whereas we fit other models to each solute
independently, comparing the models is not a straight-
forward exercise. Using the AIC or BIC, or by look-
ing at the example in Figure 5, it is clear that the
Langbein-Dawdy model (5b) outperforms the simple
mixing model (5a). The permeability-porosity-aperture
model (5d) outperforms the Hubbard Brook Experimen-
tal Forest ‘working model’ (5c) according to the AIC
and BIC at each of the eight featured sites. Comparisons
between the Langbein-Dawdy and permeability-porosity-
aperture model cannot be made using the AIC or BIC
because the models are based on different sets of data
(fitting each solute independently vs. all solutes simul-
taneously). Regardless of model performance, a key test
of each of these models is whether the best-fit parame-
ters make physical and chemical sense in the real-world
catchments in which they are applied.

Contrary to the prediction of the permeability-porosity-
aperture model, that the log-log slope b0 of the concen-
tration–discharge relationship should be the same for
different weathering products at an individual catchment,
the log�C�- log�Q� slopes for different solutes at the same
site often differ by more than their uncertainties. This
result could be explained by different depth profiles in the
abundances of different minerals (and thus their reactive
surface areas per unit pore surface). Mathematically
this could be represented as �p taking on different
values for different solutes, although this would imply
that p would reflect not only pore aperture but also
the relative abundances of different minerals. However,
because b0 is usually close to zero for different solutes, it
is possible that the variation in �p may be small. Another
parameter, b1, has been shown to relate storage and
discharge in catchments, and is expressed as a function
of the parameters �k and �� (Kirchner, 2009; and see
Appendix, Equation A12 and A13). The two log-log
slopes b0 and b1 are not sufficient to uniquely constrain
the three parameters �k , �� and �p, so the individual
e-folding depths (as well as values of the reactivity
parameter kR for each solute, see Appendix) could only
be determined by direct measurement. Any such attempt
at direct measurement, however, would be complicated
by the spatial heterogeneity in subsurface properties, as
well as the large differences between field and laboratory
weathering rates (Schnoor, 1990; Brantley, 1992; White
et al., 1996).

The mechanism proposed here is in some ways anal-
ogous to that proposed by Clow and Drever (1996) to
explain the relatively constant concentrations of weather-
ing products in runoff from an alpine soil under widely
varying rainfall. Clow and Drever (1996) argued that Si
concentrations in their study catchment may be controlled
by flushing and diffusion from micropores and seasonal

precipitation/dissolution of metastable amorphous alumi-
nosilicates. They argued that because both flushing and
reaction rates increase with increasing discharge, this
combination of mechanisms would allow concentrations
to remain relatively constant with fluctuating discharge.
But whereas Clow and Drever (1996) argued that the
rate of Si dissolution from the mineral phase should
be controlled by Si concentrations in solution (and thus
by the fluid flushing rate), here we assume that silicate
weathering reactions are always far from equilibrium and
thus are unaffected by changes in solute concentrations.
Instead, in the permeability-porosity-aperture model out-
lined in Equation 6 and in the appendix, reaction rates
increase at higher discharges because the wetted min-
eral surface area increases. Others have also argued that
because Si is retained by secondary minerals to vary-
ing degrees, its concentration may be controlled in large
measure by equilibration with respect to the secondary
minerals that form (Drever and Clow, 1995; Godderis
et al. 2006). Secondary mineral formation should pref-
erentially affect Si and may explain why the power-law
concentration–discharge slopes for Si are generally shal-
lower than for the other major weathering products. These
examples illustrate that different mechanisms can poten-
tially generate similar observed concentration–discharge
relationships, so it is important to verify the site-specific
plausibility of any proposed mechanism.

FURTHER POSSIBILITIES

Many catchment-based chemical weathering models,
such as Birkenes, ETD (Enhanced Trickle-Down),
ILWAS (Integrated Lake Watershed Acidification Study),
PROFILE/SAFE (Soil Acidification in Forested Ecosys-
tems), MAGIC (Model of Acidification of Groundwater
in Catchments), or WITCH [see review in Nordstrom
(2004), pp. 60–62; Godderis et al., (2006)], and other
mineral weathering models such as PHREEQC (Parkhurst
and Appelo, 1999), allow the simulation of weathering
processes. We do not use these models in this study
because most of our sites have insufficient information
to apply them. Instead we explore in this paper whether
a simple general modeling approach is possible based
primarily on the observed concentration–discharge rela-
tionship. We show that several simple models can fit
the observations well, but often they require unrealistic
or internally inconsistent parameter values. Because data
limitations have precluded us from testing more complex
models, we cannot say whether their added complex-
ity, and additional data requirements, would be helpful
in understanding catchments’ concentration–discharge
behaviour. Future studies could also examine the geomor-
phic features, soil or regolith depth, presence of organic
matter, or perennial/ephemeral status of the catchments,
which may control weathering rates or fluxes in some
catchments (e.g. Drever, 1994; Oliva et al., 1999; John-
son et al., 2001). These characteristics have not been
considered in this study.
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The relative constancy of concentrations across wide
ranges of discharge requires solute production or solute
mobilization at rates nearly proportional to the water flux.
Depending on the relationship between reaction times and
water transit times, one can infer the relative importance
of production and mobilization. Based on field experi-
ments, reaction rates have sometimes been inferred to be
fast enough that the time to equilibrium is much shorter
than average water transit times, such that waters are
effectively always near equilibrium (e.g. Anderson and
Dietrich, 2001). Buttle (1994) and many others have doc-
umented that most water reaching a stream during a storm
event is so-called ‘old’ (i.e. pre-storm) water. Mean tran-
sit times in many catchments are on the order of ¾1 year
(McGuire and McDonnell, 2006, Table I), so this ‘old’
water may be near equilibrium with respect to certain
minerals, with the consequence that solute fluxes mobi-
lized by this ‘old’ water must be nearly proportional to
water flux. However, studies of silicate weathering have
typically found that reaction rates are slow (even relative
to mean transit times of a year) and have assumed that
catchments are kinetically-limited systems (see discus-
sion in Brantley, 2004). Because the chemical weathering
kinetics of silicates and carbonates differ (e.g. Brant-
ley, 2004), one might expect different log�C�- log�Q�
behaviour or explanatory models for catchments domi-
nated by the distinct lithologies. However, for most of the
solutes considered, the concentration–discharge slopes
are not significantly different between the different litho-
logic settings. This suggests that differences in lithology
and in reaction kinetics between carbonates and silicates
do not significantly alter the relationship between con-
centration and discharge across the study sites. Time to
equilibrium in the laboratory for mineral-water equilib-
rium reactions has been reported as a week to a year or
longer (e.g. Bricker, 1968; Langmuir, 1997, Table 2.1)
and field rates are even slower (Schnoor, 1990; Brant-
ley, 1992; White et al., 1996). This suggests that mineral
weathering reactions would be unlikely to stay close to
equilibrium, particularly during high flows. Determining
the average time to equilibrium in the field is challenging:
flow paths are heterogeneous and reactions and reactive
surface areas are difficult to define. Nonetheless, as the
preceding discussion illustrates, there would be much to
be gained from determining how close weathering reac-
tions are to equilibrium in the field.

IMPLICATIONS

Because concentrations are relatively constant with dis-
charge across these diverse study catchments (Figures 1
and 2), solute fluxes (defined as concentration times dis-
charge) from these catchments change nearly proportion-
ally to discharge, both on an event basis and on an
inter-annual basis (e.g. Figure 6). Although our obser-
vations are drawn from US catchments, these results are
likely to be broadly generalizable because the HBN catch-
ments include a broad range of climatic and lithologic

environments (Table I). A similar relationship between
concentration and discharge is also seen in granitic boreal
catchments in permafrost regions of Russia (Zakharova
et al., 2005), suggesting these observations and impli-
cations may be globally applicable. Climate change may
substantially alter stream flows (especially if precipitation
and evapotranspiration change in opposite directions).
Such hydrologic changes will have little effect on con-
centrations but will alter fluxes almost proportionally.

Alkalinity flux to the ocean can be estimated as the sum
of the Ca and Mg concentrations (McSween et al., 2003,
p. 147), or the hardness of the water. Raymond and Cole
(2003) used this approach to estimate alkalinity for the
Mississippi River for years before 1973 using hardness.
They showed that overlapping alkalinity and carbonate
hardness (Dtotal hardness � noncarbonate hardness)
measurements are accurate to 99Ð8 š 0Ð8%. Thus, we
can estimate alkalinity fluxes based on the relationships
between Ca, Mg and discharge presented in Figures 2
and 4. Raymond and Cole (2003) found that discharge
and alkalinity flux in the Mississippi River increased by
approximately 44% and 70%, respectively, over 48 years
(1953–2001), attributed partially to changes in climate as
well as changes in cropping patterns and additions from
groundwater pumping. Based on the patterns in Figure 6
(and similar results for other solutes), one would expect
solute flux from most watersheds across North America
to vary nearly proportionally to water fluxes. Unlike
the Mississippi River, most of the streams and rivers
in the HBN are minimally affected by land use change
or large amounts of groundwater pumping. Nonetheless,
the nearly chemostatic behaviour demonstrated across
so many diverse sites implies that alkalinity flux is
largely determined by stream discharge. Streamflows at
high latitudes are expected to increase by 10 to 40%
over the next century, according to the latest report of
the Intergovernmental Panel on Climate Change (IPCC,
Core Writing Team, 2007). For a 10% increase in
average annual flows, we would expect an approximately
proportional 10% increase in alkalinity fluxes to the
oceans. Carbonic acid weathering is one of the main
mechanisms generating alkalinity; thus, an increase in
alkalinity fluxes implies a concomitant increase in CO2

consumption.
On the other hand, if discharges were to drop sharply,

solute fluxes would also be expected to decrease. As an
example, the seaward total dissolved solids flux from the
Huanghe (Yellow) River, China has decreased by more
than half over the last approximately 40 years because of
a sharp decrease in water discharge in the lower reaches
of the river (Chen et al., 2005). Diversions, irrigation and
reservoir use are primarily responsible for the decrease
in water discharge, and despite an increase of ¾5 to
10 mg/l/year in total dissolved solids in the middle and
lower reaches of the river, there has been an overall
decrease in solute flux (Chen et al., 2005). Climate
change models predict that flows in the southwestern
United States and other dry areas are likely to decrease
by 10 to 40% by 2090–2099 relative to 1980–1999 in a
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Figure 6. Annual silica fluxes in streamflow as a function of annual water yield for the eight Hydrological Benchmark Network streams shown in
Figures 1 and 3. The diagonal grey line indicates solute fluxes proportional to discharge (i.e. constant concentration).

scenario in which global average temperatures increase
by 2Ð8 °C over the same period (IPCC, Core Writing
Team, 2007). One would expect solute flux of the major
base cations and silica from streams and rivers in these
regions to decrease by an amount that is approximately
proportional to the decrease in flows.

The stability of concentrations of weathering products
across a wide range of flow regimes may be important

both for the health of individual organisms and for the
diversity of aquatic ecosystems. At an organismal level,
mortality from acidification-induced aluminum toxicity is
closely linked to decreases in alkalinity and base cation
concentrations (Jeffries et al., 1992; Thornton and Dise,
1998). Metals and other contaminants are more toxic to
juvenile fish in waters with lower hardness, which as
noted above, is usually equal to sum of the concentration
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of Ca and Mg (e.g. Hall, 1991). The greater the stability
of base cation concentrations across a wide range of
flows, the smaller the likelihood that toxicity thresholds
will be crossed during hydrological extremes because
concentrations will not drop precipitously when flows
increase.

At a species to community level, site-to-site compar-
isons reveal that benthic macroinvertebrate and diatom
species diversity is a function of total dissolved solid
concentration, conductivity or salinity in some streams,
lakes and fjords (Metzeling, 1993, Ryves et al., 2004).
Solute fluxes, especially the amount of Si relative to other
potentially limiting nutrients, can be a predictor of phyto-
plankton blooms and diatom growth (LePape et al., 1996;
Grenz et al., 2000). Si concentrations relative to concen-
trations of Fe, N and P strongly control diatom nutrient
uptake and growth rates. Increased N and P concentra-
tions relative to Si concentrations and decreased Si flux
due to river regulation have shifted ecosystems dominated
by siliceous phytoplankton or diatoms to those dominated
by non-siliceous algae or flagellate communities (e.g.
Officer and Ryther, 1980; Egge and Aksnes, 1992; Turner
et al., 1998; Billen and Garnier, 2007). Oceanic Si limi-
tations have been seen in the eastern equatorial Pacific
and North Atlantic as well as in coastal communities
that have experienced eutrophication problems due to
increased N and/or P loads relative to Si loads (Rague-
neau et al., 2000). Furthermore, rare taxa are more sen-
sitive to changes in salinity than common taxa in site-
to-site comparisons (Metzeling, 1993). Species that are
more tolerant to salinity variations may be able to dis-
perse widely into different rivers feeding an estuary or
coastal region and negatively affect native populations,
which may be adapted to the narrow range of concen-
trations seen in their particular chemostatic catchment
(Bringolf et al., 2005). Therefore, the chemostatic behav-
ior of catchments may enhance hydrochemical stability
across a wide range of flows and thus promote biodi-
versity, but also suggests that streams subject to anthro-
pogenic salinity variations or estuarine influences are
more vulnerable to invasive species.

CONCLUSIONS

Concentrations of weathering-derived solutes vary lit-
tle with discharge for 59 USGS HBN streams, indi-
cating that these catchments exhibit nearly chemostatic
behaviour. Concentrations vary by only a factor of 3 to
20 as discharge varies by several orders of magnitude,
and annual mean concentrations are similarly insensi-
tive to changes in annual water yield. Concentrations
of the major base cations and silica typically exhibit
power-law relationships with discharge, with small nega-
tive exponents. Broad qualitative lithologic differences,
such as the presence or absence of volcanics or car-
bonates, are associated with statistically significant dif-
ferences in the power-law concentration–discharge slope
among different sites. Other site characteristics such as

area, low temperature and average annual runoff are
significantly rank-correlated with site-to-site variations
in concentration–discharge slopes for some solutes, but
the predictive power of site characteristics to quantify
concentration–discharge slopes is limited. The narrow
range of concentration variability with discharge implies
that rates of solute production and mobilization must be
nearly proportional to water fluxes. Because concentra-
tions remain nearly constant across wide ranges in dis-
charge, solute yield from catchments (and, at continental
scale, alkalinity fluxes to the oceans) are predominantly
determined by water yield.

It is difficult to find simple generalizable mod-
els that accurately represent the typical form of the
concentration–discharge relationship, that are internally
consistent, and that make plausible assumptions about
catchment behaviour. A simple ‘bucket’ model can-
not reproduce the observed concentration–discharge
behaviour. The Hubbard Brook ‘working model’ can
fit the observations, but the required best-fit ‘rainfall’
concentrations are much higher than observed concentra-
tions, suggesting that key physical or chemical processes
are not captured by the model. A Langbein-Dawdy chem-
ical reaction model that assumes that reaction rates vary
with distance from equilibrium can also fit the observed
concentration–discharge relationships, but requires rel-
atively high input concentrations (and therefore likely
requires an important role for soil water) and assumes
that no mixing of waters of different ages can occur.
Finally, a new chemical and mixing model can explain
the observed power-law relationships between concen-
tration and discharge in terms of depth profiles of poros-
ity, characteristic pore size and hydraulic conductivity
in the catchment. In this model, changes in discharge
correspond to changes in the depth of saturation in the
subsurface. These in turn alter solute fluxes by alter-
ing the reactive wetted surface area. The assumptions
of this new model should be tested at a subset of the
HBN sites. An internally consistent model of hydrology,
chemical weathering and transport is needed to explain
the power-law concentration–discharge relationships that
are observed across hydrochemically diverse catchments.
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APPENDIX

Here we develop the new permeability-porosity-aperture
model, briefly discussed in the main text, in which
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chemical weathering and hydrological mixing jointly
control the relationship between solute concentrations and
water fluxes.

First, we assume that permeability (k, [m/s]), porosity
(�, [dimensionless]) and average pore aperture or width
(p, [m]) all decrease exponentially with depth (z, [m])
from their values at the soil surface (ko, �o and po,
respectively):

k D koe
�z

/
�k �A1�

� D �oe
�z

/
�� �A2�

p D poe
�z

/
�p �A3�

The rates at which these variables decrease with depth,
as expressed by the e-folding distances (�k , ��, �p all
[m]), do not need to be equal to one another. Permeability
and porosity are known to decrease roughly exponentially
with depth at many sites. An exponential decrease in
aperture with depth is less well characterized, but this
assumption is plausible and testable. Invoking Darcy’s
law with an approximately constant head gradient along
the hillslope, and using Equation A1, one can express
specific discharge (q, [m/s]) in a similar manner as an
exponential function that varies as permeability decreases
with depth:

q D qoe
�z

/
�k �A4�

where qo is a reference discharge that equals ko times the
hillslope gradient. Thus water discharge (Qw, [m2/s]) per
unit hillslope width can be calculated as:

Qw D
∫ 1

z
qdz D �kqoe

�z
/

�k �A5a�

One can also assume that water discharge is propor-
tional to effective precipitation inputs:

Qw D Rx �A5b�

where R [m/s] is the effective precipitation rate and x
[m] is distance from the hill crest to any point along the
hillslope. By setting Equations (A5a) and (A5b) equal to
one another, one can solve for depth of the hydrologically
active region (i.e. soil and bedrock) as a function of
distance along the hillslope:

z�x� D ��k ln
(

Rx

�kqo

)
�A6�

Equation A6 assumes that effective precipitation is
spatially uniform along the hillslope and that flow orig-
inating near the divide and near the stream (i.e. in the
non-linear portions of the hillslope) is negligible, and thus
that the approximation of a constant hillslope gradient in
Equation A4 is valid.

We can also define the solute flux per unit hillslope
width (Qs, [mol m�1 s�1]) so that it is proportional
to the reactive surface area per unit land area, AŁ
[dimensionless]. Pore volume is the product of porosity

and total volume (V, [m3]), and reactive surface area per
unit volume of pores and medium can be defined as

surf ace area/�volume of pores C medium�

D V��

pV
D ��

p
�A7�

where � [dimensionless] is a shape factor that is assumed
to be constant with depth. We then integrate to get
reactive surface area per unit land area, AŁ:

AŁ D
∫ 1

z
�

�

p
D

∫ 1

z
�

�o

po
e

�z

(
1
/

��� 1
/

�p

)

D ��o

po
(

1
/

�� � 1
/

�p

)e
�z

(
1
/

��� 1
/

�p

)
�A8�

Note that there is a larger wetted reactive surface
area per unit land area, AŁ, at higher flow rates in this
model as a result of the relationship between z and
R (Equation (A6)). For a surface dissolution reaction
in which secondary and back-reactions can be ignored,
solute flux per unit hillslope width (Qs) is the product of
the reaction constant, kR [mol m�2 s�1], and the reactive
surface area per unit land area, AŁ, integrated along the
linear segment of the hillslope from the base (x D 0) to
near the ridge (x D L) using the relationships derived in
Equations (A6) and (A8):

Qs D
∫ L

0
kRAŁdx D

∫ L

0

kR��o

po
(

1
/

�� � 1
/

�p

)
e

(
�k
/

��� �k
/

�p

)
ln

(
Rx

�kqo

)
dx

D
∫ L

0

kR��o

po
(

1
/

�� � 1
/

�p

)
(

Rx

�kqo

)(
�k
/

��� �k
/

�p

)
dx

D kR��o

po
(

1
/

�� � 1
/

�p

)
(

1

1 C �k
/

�� � �k
/

�p

)

(
�kqo

R

) (
Rx

�kqo

)(
�k
/

��� �k
/

�pC1

)∣∣∣∣∣∣∣
L

0

D LkR��o

po
(

1
/

�� � 1
/

�p

) (
1 C �k

/
�� � �k

/
�p

)
(

RL

�kqo

)(
�k
/

��� �k
/

�p

)
�A9�

The volume-weighted mean concentration in the water
flux (C, [mol/m3]) is equal to the ratio of the solute flux
(Equation A9) to the water flux (D RL), both expressed
per unit hillslope width:

C D Qs

Qw
D

∫ L

0
kRAŁdx

Qw
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D LkR��o

po
(

1
/

�� � 1
/

�p

) (
1 C �k

/
�� � �k

/
�p

)
(

1

�kqo

)(
�k
/

��� �k
/

�p

)
�RL�

(
�k
/

��� �k
/

�p�1

)

D aoQb0
w �A10�

A power-law concentration–discharge relationship
can thus be expressed for a one-dimensional hill-

slope, with the constant ao


mol Ð s

(
�k
��

� �k
�p

�1
)

/

m

(
2�k
��

� 2�k
�p

C1
)

 equal to all of the other constants

before the RL term, and the power-law exponent b0

[dimensionless] equal to:

b0 D (
�k
/

�� � �k
/

�p � 1
)

�A11�

Furthermore, storage (S, [m]) can be defined as the
integral of porosity over total depth:

S D
∫ 1

z
� D ���oe

�z
/

�� �A12�

By combining Equations A5a and A12, one can see
that discharge (Qw) varies as a power function of storage:

Qw/Qo D �S/So�b1 �A13a�

where Qo and So are reference values of discharge and
storage, such that Qw D Qo at S D So, and the power-law
exponent, b1 [dimensionless] is:

b1 D ��

�k
. �A13b�

The value of b1 can be determined from recession
analysis, because Equation A13a implies that a plot of
�dQw/dt as a function of Qw should have a log–log
slope of 2 � �1/b1�, derived during periods when both
evapotranspiration and precipitation are small relative to
discharge (e.g. during rain-free nights) (Kirchner, 2009).
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